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p-ADIC MULTIPLE L-FUNCTIONS AND CYCLOTOMIC MULTIPLE HARMONIC
VALUES
HIDEKAZU FURUSHO AND DAVID JAROSSAY
Abstract. We show that the special values at tuples of positive integers of the p-adic multiple L-
function introduced by the first-named author et al. can be expressed in terms of the cyclotomic
multiple harmonic values introduced by the second-named author.
0. Introduction
We start with the multiple zeta function in r variables (r > 1), the following generalization of the Rie-
mann zeta function which is defined by ζr
(
(si)r
)
:=
∑
0<m1<···<mr
m−s11 · · ·m
−sr
r for (si)r := (s1, . . . , sr) ∈
Cr such that Re(sr′−1+r + · · ·+ sr) > r′ for all 1 6 r′ 6 r. Its meromorphic continuation to the whole
space Cr has been discussed in several papers, among whom [AET, Z]. In this paper, for a prime p,
we consider the p-adic multiple L-function Lp,r
(
(si)r; (ω
ki)r; (1)r; c
)
, a p-adic function which is defined
for
(
(si)r; (ki)r
)
∈ Crp × Z
r with |si|p 6 p
−1
p−1 for all 1 6 i 6 r, where c > 2 is a positive integer
prime to p, and ω is the Teichmüller character (cf. Definition 2). It is introduced by the first-named
author et al. ([FKMT]), and serves as a p-adic analogue of the above ζr and also a generalization of the
Kubota-Leopoldt p-adic L-function.
Multiple zeta values are the values of multiple zeta functions at tuples of positive integers, namely
ζ
(
(ni)r
)
with ni positive integers and nr > 2. They have been intensively studied over the last decade,
as an example of periods, and with relations to knot theory, mathematical physics and other branches of
mathematics. Cyclotomic multiple zeta values are a generalization of multiple zeta values which are also
periods ([DG]) and depend additionally on a r-tuple (ǫi)r of roots of unity. One has p-adic analogues of
multiple zeta values in [DG, F1, F2] and, more generally, of cyclotomic multiple zeta values when the
roots of unity under consideration are of order prime to p in [J1, U, Y].
Cyclotomic multiple harmonic values (cf. Definition 3) are a tool for studying p-adic cyclotomic
multiple zeta values, recently introduced by the second-named author [J3], as sequences of weighted
cyclotomic version of multiple harmonic sums of Hoffman [H] and lifts of cyclotomic version of finite
multiple zeta values of Kaneko-Zagier (unpublished). Given a positive integer c prime to p, cyclotomic
multiple harmonic values are certain explicit elements H
(
(ni)r; (ǫi)r
)
∈
∏
p∈Pc
Qp(µc), where Pc is the
set of prime numbers which do not divide c, the ni’s are positive integers and the ǫi’s are in the group
µc of c-th roots of unity ; one says that ((ni)r; (ǫi)r) have weight
∑r
i=1 ni and depth r. For any p ∈ Pc,
the term indexed by p in H
(
(ni)r; (ǫi)r
)
has p-adic valuation >
∑r
i=1 ni.
The values Lp,r((ni)r; (ω
−ni)r ; (1)r; c) with n1, . . . , nr positive integers can be expressed as finite Q-
linear combinations of the elements in Qp(µpc) which are the values of the p-adic twisted multiple star
polylogarithm at tuples of pc-th roots of unity ([FKMT], Theorem 3.41). In this paper, we give a different
presentation:
Theorem 1. For any r-tuple (ni)r of positive integers, the family
(
p
∑
r
i=1
niLp,r((ni)r; (ω
−ni)r; (1)r; c)
)
p∈Pc
is expressed by the equation (4.7) as an infinite sum of series whose terms are Q(µc)-linear combinations
of cyclotomic multiple harmonic values with depth 6 r and weight tending to infinity, and whose conver-
gence holds for the topology on
∏
p∈Pc
Qp(µc) of the uniform convergence with respect to p ∈ Pc.
This theorem combined with the expression of cyclotomic multiple harmonic values in terms of p-adic
cyclotomic multiple zeta values [J2] gives an expression of
(
p
∑
r
i=1
niLp,r((ni)r; (ω
−ni)r; (1)r; c)
)
p∈Pc
in
terms of p-adic cyclotomic multiple zeta values, which are values of p-adic twisted multiple polylogarithms
Date: April 11, 2019.
1
2 HIDEKAZU FURUSHO AND DAVID JAROSSAY
at tuples of c-th roots of unity. The sums of series of the above type are interpreted in terms of the Galois
theory of p-adic cyclotomic multiple zeta values in [J4].
Our plan of this paper is as follows: we recall the definitions of multiple L-functions Lp,r and cyclotomic
multiple harmonic values in §1 and then we calculate the decomposition of the domain of the integration
of Lp,r in §2 and a variant of cyclotomic multiple harmonic sums in §3, which are required to prove our
theorem 1 in §4.
Acknowledgments. The first-named author has been supported by JSPS KAKENHI 15KK0159 and
18H01110. The second-named author thanks Nagoya University for hospitality and has been supported
by NCCR SwissMAP, Labex IRMIA, DAIKO Foundation and JSPS KAKENHI 18H01110.
1. Definitions
We review the definitions of the main objects involved in this paper : the p-adic multiple L-functions
Lp,r, cyclotomic multiple harmonic sums, and cyclotomic multiple harmonic values.
We denote by N the set of positive integers and by N0 = N∪ {0}. Let p be a prime number. Put OCp
to be the ring of integers of Cp. Let ω : O
×
Cp
→ Z×p be the Teichmuller character, and let 〈x〉 =
x
ω(x) for
x ∈ O×
Cp
. Set
∫
Zp
f(x)dmz(x) = limN→∞
∑pN−1
a=0 f(a)mz(a + p
NZp). For z ∈ P
1(Cp) with |z − 1|p > 1,
let mz be the measure defined by mz(j + p
NZp) =
zj
1−zpN
(0 6 j 6 pN − 1). For c ∈ N prime to p, put
m˜c :=
∑
ξc=1
ξ 6=1
mξ. Set r ∈ N and Xr(d) := {(s1, . . . , sr) ∈ Crp | |sj |p 6 d
−1p−
1
p−1 (0 6 j 6 r)}.
Definition 2 ([FKMT] Definition 1.16). Let (si)r := (s1, . . . , sr) ∈ Xr(q−1), (ki)r := (k1, . . . , kr) ∈ Zr,
(γi)r := (γ1, . . . , γr) ∈ Zrp, c ∈ N>1 which is prime to p, and
(1.1) (Zrp)
′
{γj}
:= {(x1, . . . , xr) ∈ Z
r
p | p ∤ x1γ1, p ∤ (x1γ1 + x2γ2), . . . , p ∤ (x1γ1 + · · ·+ xrγr)}.
The p-adic multiple L-function is defined by
(1.2) Lp,r((si)r; (ω
ki)r; (γi)r; c)
:=
∫
(Zrp)
′
{γj}
〈x1γ1〉
−s1〈x1γ1+x2γ2〉
−s2 · · · 〈x1γ1+· · ·+xrγr〉
−srωk1(x1γ1) · · ·ω
kr(x1γ1+· · ·+xrγr)
r∏
i=1
dm˜c(xj).
In [FKMT] Example 1.19, it is explained that when r = 1, the Kubota-Leopoldt p-adic L-function is
recovered:
Lp,1(s;ω
k−1; γ1; c) = 〈γ1〉
−sωk−1(γ1)(〈c〉
1−sωk(c)− 1) · Lp(s;ω
k).
Definition 3. Let (ni)r := (n1, . . . , nr) ∈ Nr, and (ǫi)r := (ǫ1, . . . , ǫr) ∈ µrc , and m ∈ N.
(i) The cyclotomic multiple harmonic sum is the element in Q(µc) defined by
Hm ((ni)r; (ǫi)r) :=
∑
0<m1<···<mr<m
( ǫ2
ǫ1
)m1 · · · ( 1
ǫr
)mr
mn11 · · ·m
nr
r
∈ Q(µc).
(ii) ([J3], Definition 1.2.2) Let Pc be the set of prime numbers which do not divide c. For p ∈ Pc, we also
denote by ǫi (1 6 i 6 r) the image of ǫi by the embedding Q(µc) →֒ Qp(µc). The cyclotomic multiple
harmonic value is the family of multiple harmonic sums defined by
H ((ni)r; (ǫi)r) :=
(
pn1+···+nrHp ((ni)r; (ǫi)r)
)
p∈Pc
∈
∏
p∈Pc
Qp(µc).
For differential forms η1, . . . , ηn in the set {
dz
z−z0
| z0 ∈ {0} ∪ µc} with η1 6=
dz
z
, the formal iterated
integral I(ηn, . . . , η1) ∈ K[[z]] is defined, by induction on n, by I(η1) =
∫ z
0 η1(z
′)dz′ and I(ηn, . . . , η1) =∫ z
0
I(ηn−1, . . . , η1)(z
′)ηn(z
′). The cyclotomic multiple harmonic sums can be characterized in terms of
iterated integrals as follows:
(1.3) I(ωl−10 ω1ω
nr−1
0 ωǫr · · ·ω
n1−1
0 ωǫ1) = (−1)
r+1
∑
0<m
Hm ((ni)r; (ǫi)r)
zm
ml
.
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2. Decomposition of the domain of the integration of Lp,r
We calculate the decomposition of the domain of the integration of Lp,r((ni)r; (ω
−ni)r; (1)r; c) which
is required to prove our theorem 1 in §4.
For i, j (i < j) in N0, we put [i, j] := {i, i+1, . . . , j}. By Definition 2, any value of Lp,r((si)r; (ωki)r; (1)r; c)
at (si)r = (s1, . . . , sr) ∈ Xr(q−1) is given by the limit of finite sums indexed by the finite set
Dr,pM = {(xi)r ∈ [0, p
M − 1]r
∣∣ p ∤ x1 + · · ·+ xi (1 6 i 6 r)}
withM ∈ N∗ tending to∞. The goal of this section is to expressDr,pM in terms of domains of summation
underlying multiple harmonic sums and variants. Let
div : (x1, . . . , xr) ∈ N
r
0 7→ ((u1, . . . , ur); (t1, . . . , tr)) ∈ N
r
0 × [0, p− 1]
r
be the map defined by the Euclidean division x1 + · · ·+ xi = uip+ ti for all i (1 6 i 6 r).
Lemma 4. For natural numbers r and M , the above map div restricts to a bijection
Dr,pM → ∐J∈Er Ur,pM ,J × Tr,J ,
where Er is the set of triples J = (P1, P2, P3) of subsets of [1, r] such that [1, r] = P1 ∐ P2 ∐ P3, and, for
J = (P1, P2, P3) ∈ Er,
Ur,pM ,J :=

(u1, . . . , ur) ∈ [0, rpM−1 − 1]r
∣∣∣∣∣∣
i ∈ P1 ⇒ ui−1 = ui
i ∈ P2 ⇒ ui−1 < ui < ui−1 + pM−1
i ∈ P3 ⇒ ui = ui−1 + pM−1

 ,
Tr,J :=
{
(t1, . . . , tr) ∈ [1, p− 1]
r
∣∣∣∣ i ∈ P1 ⇒ ti−1 6 tii ∈ P3 ⇒ ti−1 > ti
}
.
Here we put u0 = 0 and t0 = 0.
Proof. The map (x1, . . . , xr) 7→ (y1, . . . , yr) = (x1, x1+x2, . . . , x1+· · ·+xr) sends the setDr,pM bijectively
to {(y1, . . . , yr) ∈ N
r | 0 < y1 6 y2 6 . . . 6 yr and ∀i, p ∤ yi and yi − yi−1 < p
M}. If the Euclidean
division of yi by p is given by yi = pui + ti, we have the equivalences below:
(a) yi−1 6 yi ⇔ (ui−1 < ui) or (ui−1 = ui and ti−1 6 ti),
(b) yi < yi−1 + p
M ⇔ (ui < ui−1 + pM−1) or (ti < ti−1 and ui = ui−1 + pM−1). from which our result
follows. 
Let Z = Zr be the set of zigzags. A zigzag
1 means a connected graph Γ without buckles and multiple
edges, whose set of vertices is given by {ti}i∈IΓ with a subset IΓ of {1, 2, . . . , r}, whose vertices are all
binary except for two ends and each of whose edges are labelled by one of <, > and =. E.g.(r = 8).
Γ = {t4 < t2 = t7 > t3 = t5 < t6}.
Let ∆ = ∆r ⊂ Z be the set of quasi-simpleces, the subset of zigzags such that Γ is presented as
(2.1) {ta1,1 = · · · = ta1,l1 < ta2,1 = · · · = ta2,l2 < · · · < tak,1 = · · · = tak,lk }
with a subset {a1,1, a1,2, . . . , ak,lk} ⊂ {1, . . . , r}.
Let Z˜ = Z˜r be the set defined like Z except that the inequalities ti < tj are replaced by the inequalities
ti 6 tj . We define similarly ∆˜ = ∆˜r. Let ∐Z (resp. ∐∆) be the set of disjoint union of elements in
Zr (resp. ∆r). By following the rule {ti 6 tj} = {ti = tj} ∐ {ti < tj}, we have a natural inclusion
φ : Z˜ →֒ ∐Z. For instance, φ({t2 6 t1 = t3}) = {t2 < t1 = t3} ∐ {t2 = t1 = t3}.
For an each quasi-simplex Γ ∈ ∆, we define TΓ to be the subset of (t1, . . . , tr) ∈ [1, p − 1]r whose
ti’s satisfy the conditions, the equalities and inequalities, appearing in the edges of Γ. We extend TΓ to
Γ ∈ ∐∆ by taking the set-theoretical union.
1We include the empty graph.
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The so-called quasi-shuffle product (a.k.a, harmonic, stuffle product) allows us to consider the product
TΓ1 ∗ TΓ2 := TΓ1 ∩ TΓ2 ∈ ∐∆ of two quasi-simpleces Γ1 and Γ2 with IΓ1 ∩ IΓ2 = ∅. For instance,
T {t1 < t2}∗T {t3 < t4} = T {t1 < t2 < t3 < t4} ∐ T {t1 < t3 < t2 < t4}
∐T {t1 < t3 < t4 < t2} ∐ T {t3 < t1 < t2 < t4} ∐ T {t3 < t1 < t4 < t2} ∐ T {t3 < t4 < t1 < t2}
∐T {t1 < t2 = t3 < t4} ∐ T {t1 = t3 < t2 < t4} ∐ T {t1 = t3 < t4 < t2} ∐ T {t1 < t3 < t2 = t4}
∐T {t3 < t1 < t2 = t4} ∐ T {t3 < t1 = t4 < t2} ∐ T {t1 = t3 < t2 = t4}.
We also consider the following variant ∗˜ of the quasi-shuffle product TΓ1∗˜TΓ2 := TΓ1 ∗ TΓ2 \ T (Γ1 <
Γ2) ∈ ∐∆ where Γ1 < Γ2 is the quasi-simplex obtained by combining the right-most end of Γ1 with the
left most end of Γ2 in the presentation of (2.1) by the edge labeled by <. For instance,
T {ti1 < · · · < tir}∗˜T {ti′1 < · · · < ti′r′
}
= T {ti1 < · · · < tir} ∗ T {ti′1 < · · · < ti′r′
} \ T {ti1 < · · · < tir < ti′1 < · · · < ti′r′
}.
For Γ˜ ∈ ∆˜ and Γ ∈ ∆ with IΓ˜ ∩ IΓ = ∅, we define T Γ˜ ∗
′ TΓ = Tφ(Γ˜) ∗ TΓ. For Γ˜1, Γ˜2 ∈ ∆˜ with
IΓ˜1 ∩ IΓ˜2 = ∅, we define T Γ˜1 ∗
′′ T Γ˜2 = Tφ(Γ˜1) ∗ Tφ(Γ˜2). Similarly we define ∗˜
′ and ∗˜′′.
The canonical increasing connected partition of a subset P ⊂ {1, . . . , r} means the unique expression
of P as the disjoint union of the maximal (for the inclusion) segments: P = [i1, j1] ∐ · · · ∐ [ir′ , jr′ ] such
that i1 6 j1 < i2 6 j2 < · · · < ir′ 6 jr′ and is − js−1 > 2 for all s (1 6 s 6 r′). For an each subset
[i, j] = {i, i+ 1, . . . , j} ∈ {1, . . . , p− 1}, we define T1[i, j] := {(t1, . . . , tr) ∈ [1, p− 1]r
∣∣ ti−1 6 ti 6 · · · 6
tj} ∈ ∆˜r and T3[i, j] := {(t1, . . . , tr) ∈ [1, p− 1]r
∣∣ ti−1 > ti > · · · > tj} ∈ ∆r.
Proposition 5. Let J = (P1, P2, P3) be as in Lemma 4. Let P1 ∪ P3 = C1(P1 ∪ P3)∐ · · · ∐ Cu(P1 ∪ P3)
be the canonical increasing connected partition of P1 ∪ P3. For each l (1 6 l 6 u), let
[i′l1 , j
′
l1
] ∐ · · · ∐ [i′lr′ , j
′
lr′
] and [i′′l1 , j
′′
l1
]∐ · · · ∐ [i′′lr′′ , j
′′
lr′′
]
be the increasing connected partitions of P1∩Cl(P1∪P3) and P3∩Cl(P1∪P3) respectively. Then we have
Tr,J = ∐
u
l=1
(
T1[i
′
l1
, j′l1 ]∗˜
′′ · · · ∗˜′′T1[i
′
lr′
, j′lr′ ]
)
∗˜′
(
T3[i
′′
l1
, j′′l1 ]∗˜ · · · ∗˜T3[i
′′
lr′′
, j′′lr′′ ]
)
.
Proof. It directly follows from the definitions above. 
3. Computation of a variant of cyclotomic multiple harmonic sums
We introduce and investigate a variant of cyclotomic multiple harmonic sums which is necessary to
prove the theorem 1.
Let c ∈ Z×p ∩ N, c > 2. Put (li)r = (l1, . . . , lr) ∈ N
r
0 and (ǫi)r = (ǫ1, . . . , ǫr) ∈ µ
r
c . Take h ∈ N, and
(κi)r−1 = (κ1, . . . , κr−1) ∈ N
r−1
0 . Let
(3.1) S(κi)r−1,h((li)r; (ǫi)r) =
∑
(u1,...,ur)∈N
r
0
u1<h
∀i>2, ui−1+κi−1h<ui<ui−1+(κi−1+1)h
(ǫ2
ǫ1
)u1 · · · ( 1
ǫr
)ur
ul11 · · ·u
lr
r ∈ Q(µc).
The next lemma characterizes the dependence on g of such functions.
Lemma 6. For any (li)r ∈ Nr0, (ǫi)r ∈ µ
r
c, and (κi)r−1 ∈ N
r−1
0 , there exists an element B
((li)r,(ǫi)r,(κi)r−1)
l,ξ ∈
Q(µc) for each l ∈ [0, l1 + · · · lr + r] and ξ ∈ µc, such that, for all h ∈ N, we have
(3.2) S(κi)r−1,h((li)r; (ǫi)r) =
∑
06l6l1+···+lr+r
ξ∈µc
B
((li)r,(ǫi)r,(κi)r−1)
l,ξ h
lξh.
Moreover, we have vp
(
B
((li)r,(ǫi)r,(κi)r−1)
l,ξ ) > −r{1 +
log(l1 + · · ·+ lr + r)
log(p)
}.
Proof. We prove the existence of the numbers Bl,ξ by induction on r.
Let us prove the claim for r = 1. We have S∅,h(l1; ǫ1) =
h−1∑
u1=0
ǫ−u11 u
l1
1 .
p-ADIC MULTIPLE L-FUNCTIONS AND CYCLOTOMIC MULTIPLE HARMONIC VALUES 5
• If ǫ1 = 1, we write
h−1∑
u1=0
ul11 =
l1+1∑
l=1
1
l1+1
(
l1+1
l
)
Bl1+1−lh
l where B denotes the Bernoulli numbers.
This defines the coefficients B
(l1;1;∅)
l,ξ =
1
l1+1
(
l1+1
l
)
Bl1+1−l if ξ = 1 and 1 6 l 6 l1 + 1 and
B
(l1;1;∅)
l,ξ = 0 otherwise. By von Staudt-Clausen’s theorem, for all l1, we have vp(Bl1+1−l) > −1
and pvp(l1+1) 6 l1 + 1 thus vp(
1
l1+1
) > − log(l1+1)log(p) . Whence the desired bounds on vp(B
(l1;1;∅)
l,ξ )
follows.
• If ǫ1 6= 1, let E be a formal variable. We have
h−1∑
u1=0
ul11 E
u1 = (E d
dE )
l1
(
h−1∑
u1=0
Eu1
)
= (E d
dE )
l1(1−E
h
1−E ).
Consider a two-variable polynomial Rl1(x, y) with coefficients in Z[E
±1] inductively constructed
by Rl1+1(x, y) = (1− E)
2l1xy d
dy
Rl1(x, y) + 2
l1E(1 − E)2
l1−1Rl1(x, y) and R0(x, y) = 1− y. This
fulfills (E d
dE )
l1(1−E
h
1−E ) =
Rl1 (h,E
h)
(1−E)2
l1
for all h ∈ N. Since our S∅,h(l1; ǫ1) is obtained by substituting
1
ǫ1
to E there, it gets that S∅,h(l1; ǫ1) is given by the finite linear combination of h
l( 1
ǫk1
)h (l, k > 0)
with coefficients in Z[ǫ1,
1
ǫ1
, 1
ǫ1−1
]. By making an adjustment on 1
ǫk1
, we get the presentation (3.2).
It is easy to see the coefficients B
(l1;ǫ1;∅)
l,ξ are all in Z[ǫ1,
1
ǫ1
, 1
ǫ1−1
], which implies that their p-adic
valuation is > 0 because of |ǫ1|p = |ǫ1 − 1|p = 1.
Assume that our claim holds for r, and let us prove it for r+1. For any (li)r+1 ∈ N
r+1
0 , (ǫi)r+1 ∈ µ
r+1
c ,
and (κi)r ∈ N
r
0, we write
(3.3) S(κi)r,h((li)r+1; (ǫi)r+1) =∑
(u1,...,ur)∈N
r
0
u16κ1h
r>∀i>2, ui−1+κih<ui<ui−1+(κi+1)h
r∏
i=1
(ǫi+1
ǫi
)ui
ulii
∑
ur+κrh<ur+1<ur+κrh
( 1
ǫr+1
)ur+1
u
lr+1
r+1 .
We have [ur + κrh+1, ur+(κr+1)h− 1] = [0, ur+(κr+1)h− 1]− [0, ur+ κrh− 1]−{ur+ κrh}. Thus,
by the result for r = 1,
(3.4)
∑
ur+κrh<ur+1<ur+(κr+1)h
( 1
ǫr+1
)ur+1
u
lr+1
r+1 =
∑
06l6lr+1+1
ξ∈µc
B
(lr+1;ǫr+1;∅)
l,ξ
{
(ur + (κr + 1)h)
lξ(ur+(κr+1)h) − (ur + κrh)
lξ(ur+κrh)
}
−
( 1
ǫr+1
)ur+κrh
(ur + κrh)
lr+1 .
By expanding (ur + (κr + 1)h)
l
=
l∑
l˜=0
(
l
l˜
)
ul˜r(κr + 1)
l−l˜hl−l˜, (ur + κrh)
l =
l∑
l˜=0
(
l
l˜
)
ul˜rκ
l−l˜
r h
l−l˜, and (ur +
κrh)
lr+1 =
lr+1∑
l˜=0
(lr+1
l˜
)
ul˜r(κrh)
lr+1−l˜ in (3.4), we transform (3.3) to the following induction formula
(3.5) S(κi)r,h((li)r+1, (ǫi)r+1) =∑
06l6lr+1+1
ξ∈µc
06l˜6l
B
(lr+1;ǫr+1;∅)
l,ξ
(
l
l˜
)
hl−l˜
{
(κr + 1)
l−l˜ξ(κr+1)h − κl−l˜r ξ
κrh
}
S(κi)r−1,h((li)r−1, lr + l˜; (ξ
−1ǫ−1r ǫi)r)
−
lr+1∑
l˜=0
(
lr+1
l˜
)
(κrh)
lr+1−l˜ǫ−κrhr+1 S(κi)r−1,h((li)r−1, lr + l˜; (ǫi)r).
The definition of the coefficients B
((li)r+1,(ǫi)r+1,(κi)r)
l,ξ are deduced from (3.5) by applying the induction hy-
pothesis to S(κ′
i
)r−1,h(l1, . . . , lr−1, lr+l˜, ǫ1, . . . , ǫr−1, ǫrξ) and S(κ′i)r−1,h(l1, . . . , lr−1, lr+l˜, ǫ1, . . . , ǫr−1, ǫrǫr+1).
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The bounds on their valuations is immediate by our induction hypotheses:
vp
(
B
((li)r+1,(ǫi)r+1),(κi)r
l,ξ )
)
> −
{
1 +
log(lr+1 + 1)
log p
}
− r
{
1 +
log(l1 + · · ·+ lr + r)
log(p)
}
> −(r + 1)
{
1 +
log(l1 + · · ·+ lr+1 + r + 1)
log(p)
}
.

The next lemma expresses certain sums over the set Ur,pM ,J appearing in Lemma 4 in terms of the
functions of (3.1).
Lemma 7. Let J = (P1, P2, P3) be as in Lemma 4 (we take the convention that 1 ∈ P2). For any
(li)r ∈ Nr0, (ǫi)r ∈ µ
r
c, we have
(3.6)
∑
(ui)r∈Ur,pM,J
(
ǫ2
ǫ1
)u1
· · ·
(
1
ǫr
)ur
ul11 · · ·u
lr
r =
∑
06l˜j6l
(P2,3)
j
(j∈P3)
{ ∏
j∈P3
(
l
(P2,3)
j
l˜j
)(
ǫ
(P2,3)
j
ǫj
)κjpM−1
(κjp
M−1)l
(P2,3)
j
−l˜j
}
S(κi)i∈P2\{1},pM−1
((
l
(P2,3)
i +
∑
j∈P3
j(P2)=i
l˜j
)
i∈P2
; (ǫi)i∈P2
)
.
Here, for j ∈ P2 ∪ P3, we put
{
l
(P2,3)
j =
∑min((P2∪P3)∩[j+1,r])−1
k=j lk
ǫ
(P2,3)
j = ǫmin((P2∪P3)∩[j+1,r])
.
For j ∈ P3, we put
{
j(P2) = max[1, j − 1] ∩ P2
κj = ♯
(
P3 ∩
[
j(P2), j
]) . And, for i ∈ P2, we put
{
i(P3) = min[i+ 1, r] ∩ P3
κi = ♯
(
P3 ∩
[
i, i(P3)
]) .
Proof. Put ǫr+1 = 1. We have, for any (ui)r ∈ Ur,pM ,J ,
∏
i∈[1,r]
(
ǫi+1
ǫi
)ui
ulii =
∏
i∈P2∪P3
(
ǫ
(P2,3)
i
ǫi
)ui
u
l
(P2,3)
i
i
=
∏
i∈P2
(ǫ(P2,3)i
ǫi
)ui
u
l
(P2,3)
i
i
∏
j∈P3
(
ǫ
(P2,3)
j
ǫj
)uj(P2)+κjpM−1
(uj(P2) + κjp
M−1)l
(P2,3)
j
=
∏
i∈P2
(
ǫ
(P2,3)
i
ǫi
)ui
u
l
(P2,3)
i
i
∏
j∈P3
(
ǫ
(P2,3)
j
ǫj
)uj(P2)+κjpM−1{ l(P2,3)j∑
l˜j=0
(
l
(P2,3)
j
l˜j
)
u
l˜j
j(P2)
(κjp
M−1)l
(P2,3)
j
−l˜j
}
.
For i ∈ P2, let i(P2) = min(P2 ∩ [i+ 1, r]) and ǫ
(P2)
i = ǫi(P2) . We have
∏
i∈P2
(
ǫ
(P2,3)
i
ǫi
)ui ∏
j∈P3
(
ǫ
(P2,3)
j
ǫj
)uj(P2)
=
∏
i∈P2
{
ǫ
(P2,3)
i
ǫi
( ∏
j∈P3,j(P2)=i
ǫ
(P2,3)
j
ǫj
)}ui
=
∏
i∈P2
(
ǫ
(P2)
i
ǫi
)ui
.
We obtain the result by summing over all (ui)r ∈ Ur,pM ,J . 
4. End of the proof of theorem 1
We finish the proof of Theorem 1.
Proof. Let (ni)r ∈ N
r. By the definition of Lp,r and by the definition of Dr,pM (§2.1), we have
Lp,r((ni)r; (ω
−ni)r; (1)r; c) = lim
M→∞
∑
(xi)r∈Dr,pM
r∏
i=1
{ 1
(x1 + · · ·+ xi)ni
∑
ξi∈µc\{1}
ξxii
1− ξp
M
i
}
.
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Put M ∈ N and (xi)r ∈ Dr,pM . Let ((ui)r; (ti)r) be its image by the map div. For all i ∈ [1, r], we write
(x1 + · · ·+ xi)−ni = (pui + ti)−ni =
∑
li∈N0
(
−ni
li
)
t−nii
(
pui
ti
)li
. Then, by Lemma 4,
(4.1) Lp,r((ni)r ; (ω
−ni)r; (1)r; c) =
lim
M→∞
∑
l=(li)r∈N
r
0
(ξi)r∈(µc\{1})
r
r∏
i=1
(
−ni
li
)
1− ξp
M
i
∑
J∈Er
∑
(ui)r∈Ur,pM,J
r∏
i=1
(
pui
)li
ξ
pui−pui−1
i
∑
(ti)r∈Tr,J
r∏
i=1
ξ
ti−ti−1
i
tni+lii
.
Let J = (P1, P2, P3) ∈ Er .
• Let ∆(Tr,J) be the set of the quasi-simplices appearing in the decomposition of Tr,J in Proposi-
tion 5, so we have Tr,J = ∐δ∈∆(Tr,J)δ. For an each quasi-simplex δ ∈ ∆(Tr,J) with the pre-
sentation (2.1), the index l = (li)r ∈ Nr0, and the pair w := ((ni)r; (ξi)r) ∈ N
r × µrc , we
set w(l)δ := (n(l)δ; ξ(l)δ) with n(l)δ = (
l1∑
j=1
(na1,j + la1,j ), . . . ,
lk∑
j=1
(nak,j + lak,j )) and ξ(l)δ =
(
k∏
i=1
li∏
j=1
ξai,j
ξai,j+1
,
k∏
i=2
li∏
j=1
ξai,j
ξai,j+1
, . . . ,
lk∏
j=1
ξak,j
ξak,j+1
). Then Proposition 5 implies
(4.2)
∑
(ti)r∈Tr,J
r∏
i=1
ξ
ti−ti−1
i
tni+lii
=
∑
δ∈∆(Tr,J )
Hp(w(l)δ).
• By applying Lemma 7 then Lemma 6, we have, for all (li)r ∈ Nr0 and (ξi)r ∈ (µc \ {1})
r,
(4.3)
∑
(ui)r∈Ur,pM,J
r∏
i=1
ulii ξ
pui−pui−1
i
=
∑
06l˜j6l
(P2,3)
j
(j∈P3)
{ ∏
j∈P3
(κjp
M−1)l
(P2,3)
j
−l˜j
(
(ξ
(P2,3)
j )
ξj
)(−pκj)pM−1(l(P2,3)j
l˜j
)}
. S((κi)i∈P2 ,pM−1)
((
l
(P2,3)
i +
∑
j∈P3
j(P2)=i
l˜j
)
i∈P2
; (ξ−pi )i∈P2
)
=
∑
06l˜j6l
(P2,3)
j
(j∈P3)
{ ∏
j∈P3
(κjp
M−1)l
(P2,3)
j
−l˜j
(
(ξ
(P2,3)
j )
ξj
)(−pκj)pM−1(l(P2,3)j
l˜j
)}
.
∑
06l6l1+···+lr+r
ξ∈µc
B
((l
(P2,3)
i
+
∑
j∈P3
j(P2)=i
l˜j)i∈P2 ,(ξ
−p
i
)i∈P2 ,(κi)i∈P2\{1})
l,ξ (p
M−1)lξp
M−1
.
Substituting the equations (4.2) and (4.3) in the equation (4.1), and multiplying by pn1+···+nr , we obtain
(4.4) pn1+···+nrLp,r((ni)r; (ω
−ni)r; (1)r; c) =
lim
M→∞
∑
l=(li)r∈N
r
0
(ξi)r∈(µc\{1})
r
J=(P1,P2,P3)∈Er
r∏
i=1
(
−ni
li
)
1− ξp
M
i
∑
06l˜j6l
(P2,3)
j
(j∈P3)
{ ∏
j∈P3
(κjp
M−1)l
(P2,3)
j
−l˜j
(
(ξ
(P2,3)
j )
ξj
)(−pκj)pM−1(l(P2,3)j
l˜j
)}
·
∑
06l6l1+···+lr+r
ξ∈µc
B
((l
(P2,3)
i
+
∑
j∈P3
j(P2)=i
l˜j)i∈P2 ,(ξ
−p
i
)i∈P2 ,(κi)i∈P2\{1})
l,ξ (p
M−1)lξp
M−1 ∑
δ∈∆(Tr,J)
pweight(w(l)δ)Hp(w(l)δ).
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For any b ∈ N,ǫ ∈ µc, (ξi)r ∈ (µc \ {1})r we define A
(ni)r
b,ǫ,(ξi)r
below, which does not depend on M :
A
(ni)r
b,ǫ,(ξi)r
=
∑
J=(P1,P2,P3)∈Er
∑
l=(li)r∈N
r
0
06l˜j6l
(P2,3)
j
(j∈P3)
l+
∑
j∈P3
l
(P2,3)
j
−l˜j=b
∑
ξ∈µc∏
j∈P3
(
ξ
(P2,3)
j
ξj
)−κipξ=ǫ
r∏
i=1
(
−ni
li
){ ∏
j∈P3
κ
l
(P2,3)
j
−l˜j
j
(
l
(P2,3)
j
l˜j
)}
(4.5)
·B
((l
(P2,3)
i
+
∑
j∈P3
j(P2)=i
l˜j)i∈P2 ,(ξ
−p
i
)i∈P2 ,(κi)i∈P2\{1})
l,ξ
∑
δ∈∆(Tr,J)
pweight(w(l)δ)Hp(w(l)δ).
The convergence of the right-hand side of (4.5) follows from that it is a sum of series over (li)r ∈ Nr0
whose general term has valuation > n1 + · · · + nr + l1 + · · · + lr − r{1 +
log(l1 + · · ·+ lr + r)
log(p)
}, which
tends to ∞ when
r∑
i=1
li →∞. Indeed, for all (mi)r ∈ Nr and (ǫi)r ∈ µrc , we have clearly
vp
(
pm1+···+mrHp ((mi)r , (ǫi)r)
)
> m1 + · · ·+mr
and for all J ∈ Er, (li)r ∈ Nr0 and (l˜i)i∈P2 ∈
∏
i∈P2
[0, l
(P2,3)
i ], the first inequality below follows from
Lemma 6, and the second one follows from ♯P2 6 r and Lemma 7.
vp
(
B
((l
(P2,3)
i
+
∑
j∈P3
j(P2)=i
l˜j)i∈P2 ,(ξ
−p
i
)i∈P2 ,(κi)i∈P2\{1})
l,ξ
)
> −♯P2
{
1 +
log(
∑
i∈P2
l
(P2,3)
i +
∑
j∈P3
l˜j + ♯P2)
log(p)
}
,
> −r
{
1 +
log(
r∑
i=1
li + r)
log(p)
}
.
Reordering the equation (4.4), we obtain
(4.6) pn1+···+nrLp,r((ni)r; (ω
−ni)r; (1)r; c) = lim
M→∞
∑
06b
ǫ∈µc
(ξi)r∈(µc\{1})
r
(pM−1)bǫp
M−1
∏r
i=1(1− ξ
pM
i )
A
(ni)r
b,ǫ,(ξi)r
.
The convergence of (4.6) is proved as follows:
vp(A
(ni)r
b,ǫ,(ξi)r
) > n1 + · · ·+ nr + inf
{
l1 + · · ·+ lr − r
{
1 + log(l1+···+lr+r)log(p)
}
| (li)r ∈ Nr0
}
> n1 + · · ·+ nr +min
{
l1 + · · ·+ lr − r
{
1 + log(l1+···+lr+r)log(p)
}
| (li)r ∈ Nr0,
r∑
i=1
li ∈ [0, 3r]
}
> n1 + · · ·+ nr − r
{
1 + log(4r)log(p)
}
.
Here the first inequality follows from the above discussion ; the second inequality follows from the fact
that the function f : t ∈ (−r,∞) 7→ t− r{1+ log(t+r)log(p) } ∈ R is increasing on [
r
log(p) − r,∞) which contains
the interval [3r,∞) ; the third inequality follows from the fact that, for (li)r ∈ Nr0 such that
r∑
i=1
li ∈ [0, 3r]
we have
r∑
i=1
li > 0 and − log(
r∑
i=1
li + r) > − log(4r).
We can compute the limit in (4.6) by restricting M to the case with pM−1 ≡ 1 mod c. For such M ’s,
we have ξp
M−1
= ξ for all ξ ∈ µc, and, since pM−1 → 0 when M →∞, the limit in (4.6) is equal to∑
ǫ∈µc
(ξi)r∈(µc\{1})
r
ǫ∏r
i=1(1− ξ
p
i )
A
(ni)r
0,ǫ,(ξi)r
.
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This is true for any p ∈ Pc. Thus, we deduce :(
pn1+···+nrLp,r((ni)r; (ω
−ni)r; (1)r; c)
)
p∈Pc
=
∑
l=(li)r∈Nr0
∑
ǫ∈µc
(ξi)r∈(µc\{1})
r
ǫ∏r
i=1(1 − ξ
p
i )
∑
J=(P1,P2,P3)∈Er
∑
ξ∈µc∏
j∈P3
(
ξ
(P2,3)
j
ξj
)−κipξ=ǫ
r∏
i=1
(
−ni
li
)
· B
((l
(P2,3)
i
+
∑
j∈P3
j(P2)=i
l
(P2,3)
j
)i∈P2 ,(ξ
−p
i
)i∈P2 ,(κi)i∈P2\{1})
0,ξ
∑
δ∈∆(Tr,J)
H(w(l)δ).
By adjusting p-th powers, we reformulate it to be
(4.7)
(
pn1+···+nrLp,r((ni)r; (ω
−ni)r; (1)r; c)
)
p∈Pc
=
∑
l=(li)r∈Nr0
∑
ǫ∈µc
(ξi)r∈(µc\{1})
r
ǫ∏r
i=1(1− ξi)
∑
J=(P1,P2,P3)∈Er
∑
ξ∈µc∏
j∈P3
(
ξ
(P2,3)
j
ξj
)−κiξ=ǫ
r∏
i=1
(
−ni
li
)
· B
((l
(P2,3)
i
+
∑
j∈P3
j(P2)=i
l
(P2,3)
j
)i∈P2 ,(ξ
−1
i
)i∈P2 ,(κi)i∈P2\{1})
0,ξ
∑
δ∈∆(Tr,J)
H(w(l)δ)
Frob−1 .
Here for (xp)p ∈
∏
p∈Pc
Qp(µc), we define (xp)
Frob−1
p to be (Frob
−1
p (xp))p with the Frobenius automor-
phism Frobp : Qp(µc)→ Qp(µc) sending ξ 7→ ξp for ξ ∈ µc.
Finally, in the right-hand side of (4.7), the term indexed by any l = (li)r ∈ Nr0 has valuation >
n1+ · · ·+ nr + l1+ · · ·+ lr − r{1+
log(l1 + · · ·+ lr + r)
log(p)
}, which tends to ∞ when
r∑
i=1
li →∞, uniformly
with respect to p. 
Example 8. For r = 1, our equation (4.7) is(
pnLp(n, ω
−n, 1, c)
)
p∈Pc
=
∑
l>0
(
−n
l
) ∑
ξ1∈µc\{1}
∑
ǫ∈µc
B
(l,ξ−11 ,∅)
0,ǫ
ǫ
1− ξ1
H(n+ l, ξ1)
Frob−1 .
This formula is a variant of the following formula appeared in the end of [R]:
(
pmLp(m;ω
1−m)
)
p
=
∑
s>m−1
(−1)s+m+1
m− 1
(
s− 1
m− 2
)
Bs+1−m ·H(s).
Remark 9. A generalization Lp,r,α of Lp,r with α ∈ N can be defined by replacing the condition p ∤ x1γ1+
. . .+xiγi by the condition p
α ∤ x1γ1+ . . .+xiγi (1 6 i 6 r) in the equation (1.1). The results of [FKMT]
and Theorem 1 can be generalized to Lp,r,α by similar proofs, provided p
n1+···+nrHp ((ni)r; (ǫi)r) is
replaced by pα(n1+···+nr)Hpα ((ni)r; (ǫi)r) in Definition 3, which defines a more general type of cyclotomic
multiple harmonic values satisfying the same properties ([J1, J2, J3, J4]).
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